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Abstract We illustrate the general point of view developed in [SIAM J. Math. Anal.,
51(6), 4356–4381] that can be described as a variation of Helgason’s theory of dual
G-homogeneous pairs (X,Ξ) and which allows us to prove intertwining properties
and inversion formulae ofmany existing Radon transforms.Here we analyze in detail
one of the important aspects in the theory of dual pairs, namely the injectivity of the
map label-to-manifold ξ → ξˆ and we prove that it is a necessary condition for the
irreducibility of the quasi-regular representation of G on L2(Ξ). We further explain
how the theory in [SIAM J. Math. Anal., 51(6), 4356–4381] applies to the classical
Radon and X-ray transforms in R3.
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1 Introduction
The circle of ideas and problems that may be collectively named “Radon transform
theory” was born at least a century ago [20] but still abounds with questions and
new perspectives that range from very concrete computation-oriented tasks to geo-
metric or representation theoretic issues. We may describe the heart of the matter by
paraphrasing Gelfand [10]:
“Let X be some space and in it let there be given certain manifolds which we shall
suppose to be analytic and dependent analytically on parameters ξ1, . . . , ξk , that is
{ξˆ(ξ) = ξˆ(ξ1, . . . , ξk)}. With a function f on X we associate its integrals over these
manifolds:
R f (ξ) =
∫
ξˆ
f (x)dmξ (x).
We then ask whether it is possible to determine f knowing the integrals R f (ξ).”
Among the many generalizations and theorems that may be subsumed in this
basic, yet profound,mathematical sketch, it is certainly worthmentioningHelgason’s
contribution, inspired [14] by work of Fritz John’s, in turn triggered by Radon’s
original result [20] dating back to 1917. In particular, Helgason developed the
notion of dual pairs and double fibrations, whereby (Lie) groups and homogeneous
spaces thereof stand at center stage. His basic observation comes by inspecting
John’s inversion formula for the integral transform–nowadaysthe prototypicalRadon
transform–defined by integration over planes in R3. The inversion takes the form
f (x) = −
1
8pi2
∆x
(∫
S2
R f (n, n · x)dn
)
,
where (n, t) 7→ R f (n, t) is the function on S2 × R given by the integral of f over
the plane ξˆn,t = {x ∈ R3 : n · x = t}, ∆x is the Laplacian and dn is the Riemannian
measure on the sphere S2. This formula, observes Helgason [14], “involves two dual
integrations, R f is the integral over the set of points in a plane and then dn, the
integral over the set of planes through a point.” Furthermore, the domain X on which
the functions of interest are defined (here X = R3) and the setΞ of relevantmanifolds
(here the two-dimensional planes) are homogeneous spaces of the same group G,
namely the group of isometries of R3, and enjoy a sort of duality, well captured by
the differential-geometric notion of incidence that was introduced by Chern [6].
Helgason proceeds on developing this duality in group-theoretic terms, emphasiz-
ing a remarkable formal symmetry, according to which the objects of interest come
naturally in pairs, one living in X and its twin in Ξ. Most notably, each point ξ ∈ Ξ
(the pair (ξ1, ξ2) = (n, t) in our basic example) labels one of the actual submanifolds
ξˆ of X on which the relevant integrals are to be taken (the plane ξˆ(n, t)). Conversely,
with each point x ∈ X it is natural to associate the “sheaf ” of planes passing through
it. In the example above, this is precisely the set xˇ = {ξˆ(n, x ·n) : n ∈ S2} over which
the integral of R f is taken.
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In the abstract setting developed by Helgason, the whole construction enjoys
natural properties as long as the mappings ξ 7→ ξˆ and x 7→ xˇ are both injective,
requirement that is then built into the definition of dual pair and expressed alge-
braically. Note that in the above example, the map (n, t) 7→ ξˆ(n, t) is two-to-one and
this lack of injectivity is reflected by the fact that R f is an even function. The central
object is of course the Radon transform
R f (ξ) =
∫
ξˆ
f (x) dmξ (x)
for integrable functions on X , where mξ is a suitable measure on ξˆ.
Utilizing a variation of this framework, which is recalled in full detail below, we
have addressed [1] some issues that are naturally expressed in this language. Our
main contribution (see Theorem 1) is a general result concerning the “unitarization”
of R from L2(X, dx) to L2(Ξ, dξ) and the fact that the resulting unitary operator
intertwines the quasi regular representations pi and pˆi ofG on L2(X, dx) and L2(Ξ, dξ),
respectively. This unitarization really means first pre-composing the closure of R
with a suitable pseudo-differential operator and then extending this composition to a
unitarymap, as is done in the existing and well-known precedecessors of Theorem 1,
such as those in [13] and in [23]. The representations pi and pˆi of course play a central
role and are assumed to be irreducible, and pi is assumed to be square integrable
(see assumptions A4) and A5) below). The combination of unitary extension and
intertwining leads to an interesting inversion formula for the true Radon transform,
see Theorem 2.
Compared to [1], the present article adopts a slightly different, though fully
compatible, formalism in the sense that we take here the point of view that seems
most natural in applications. Indeed, the space X where the signals of interest are
defined and the set of submanifolds of X where integrals are to be taken are both
in the foreground, and the group G of geometric actions that one wants to consider
comes next, taylored to the problem at hand. In this regard, it is important to observe
that, in principle, there are many different realizations of X as homogeneous space,
and the choice of G is tantamount to choosing the particular set of transformations
(or symmetries) that one wants to focus on.What is of course essential is that they are
plentiful enough. As for the submanifolds, we observe that in most applications one
has in mind a prototypical submanifold ξˆ0. We thus choose and fix ξˆ0, which we refer
to as the root submanifold, as the image of the base point x0 ∈ X under the action
of some closed subgroup H of G. Thus ξˆ0 = H[x0], and the other submanifolds are
obtained by exploiting the fact that X is a transitive G-space. This entails that X is
covered with all the shifted versions of ξˆ0 bymeans of the geometric transformations
given by the elements of G. Incidentally, in this way one often achieves families of
foliations, and in most cases this leads to a natural splitting of the parameters in Ξ,
those that label the foliation and those that select the leaf in the foliation.
Although largely inspired by the work of Helgason, our approach is different in
several ways that are discussed in detail in Section 2. His construction rests not only
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on the strict invariance of the measures on X , Ξ and ξˆ0 (versus relative invariance as
in our construction) but on the fact that the correspondence ξ → ξˆ between “labels”
in the transitive G-space Ξ and submanifolds of X is assumed to be injective. In the
present article we investigate this issue in detail and focus on the subgroup H˜ of G
that fixes ξˆ0, in principle larger than H. We find (Proposition 1) that the map ξ → ξˆ
is injective if and only if H˜ = H and we further show in Theorem 3 that, under
reasonable assumptions on H˜, if this equality fails, then pˆi cannot be irreducible.
This implies that in order for assumption A5) to be fulfilled, one must choose H as
large as possible among those subgroups of G that fill out ξˆ0 by acting on x0. Our
theory is then illustrated with the help of two examples, namely the classical Radon
transform and the X-ray transform in R3, both analyzed with the group SIM(3) of
rotations, dilations and translations. Again, this is different fromHelgason’s standard
choice, the isometry group M(3).
The paper is organized as follows. In Section 2 we set up the context and recall
the main results of [1]. In Section 3 we present a rather detailed analysis of the
relations existing between the objects naturally arising from an arbitrary choice of H
and those that come from the maximal choice H˜. This leads to the main contribution
of this work, namely the fact that a gap between H˜ and H implies that the quasi
regular representation pˆi of G on L2(Ξ) cannot be irreducible. Section 4 illustrates
our theory with two classical examples in three-dimensional Euclidean space.
2 The framework
In this section we introduce the setting and the main result of [1].
2.1 Notation
We briefly introduce the notation. We set R× = R \ {0} and R+ = (0,+∞). The
Euclidean norm of a vector v ∈ Rd is denoted by |v | and its scalar product with
w ∈ Rd by v · w. For any p ∈ [1,+∞] we denote by Lp(Rd) the Banach space of
functions f : Rd → C that are p-integrable with respect to the Lebesgue measure
dx and, if p = 2, the corresponding scalar product and norm are 〈·, ·〉 and ‖ · ‖,
respectively. If E is a Borel subset of Rd, |E | denotes its Lebesgue measure. The
Fourier transform is denoted byF both on L2(Rd) and on L1(Rd), where it is defined
by
F f (ω) =
∫
Rd
f (x)e−2piiω ·xdx, f ∈ L1(Rd).
If G is a locally compact second countable (lcsc) group, we denote by L2(G, µG)
the Hilbert space of square-integrable functions with respect to a left Haar measure
µG on G. If X is a lcsc transitive G-space with origin x0, we denote by g[x] the
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action of G on X . A Borel measure ν on X is relatively invariant if there exists a
positive character α of G such that for any measurable set E ⊆ X and g ∈ G it holds
ν(g[E]) = α(g)ν(E). Furthermore, a Borel section is a measurable map s : X → G
satisfying s(x)[x0] = x and s(x0) = e, with e the neutral element of G; a Borel
section always exists since G is second countable [25, Theorem 5.11]. We denote
the (real) general linear group of size d × d by GL(d,R).
Given two unitary representations pi, pˆi ofG acting on twoHilbert spacesH and Hˆ ,
respectively, a densely defined closed operator T : H → Hˆ is called semi-invariant
with weight ζ if it satisfies
pˆi(g)Tpi(g)−1 = ζ(g)T, g ∈ G, (1)
where ζ is a character of G, see [7].
2.2 Setting and assumptions
The Radon transform of a signal f : X → C is defined as the integral of f over a
suitable family {ξˆ} of subsets of X indexed by a label ξ ∈ Ξ.
In this paper, we assume that the input space X is a lcsc space and the signals are
elements of the Hilbert space L2(X, dx), where dx is a given measure on X , defined
on the Borel σ-algebra of X and finite on compact subsets.
Following Helgason’s approach, the family {ξˆ} is defined by first choosing a lcsc
group G acting on X by a continuous action
(g, x) 7→ g[x] (2)
in such a way that X becomes a transitive G-space. Then, we fix an origin x0 ∈ X , a
closed subgroup H of G and we define the root ξˆ0 of the family {ξˆ} as
ξˆ0 = H[x0], (3)
which is a closed H-invariant subset of X , by [13, Lemma 1.1]. Denote the set of
left cosets by Ξ = G/H and define for each ξ = gH ∈ Ξ the closed subset of X
ξˆ = g[ξˆ0] = gH[x0], (4)
which is independent of the choice of the representative g ∈ G of ξ ∈ G/H.
In order to view the roles played by X andΞ as somewhat symmetric,we introduce
the stability subgroup of G at x0
K = {k ∈ G : k[x0] = x0},
which is a closed subgroup of G such that X can be identified with G/K by means
of the map
G/K ∋ gK 7→ g[x0] ∈ X .
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Conversely, we regard Ξ as a transitive lcsc space with respect to the continuous
action of G given by
g.ξ = (gg′)H ξ = g′H ∈ Ξ. (5)
and we choose, as origin, the point ξ0 = eH, which makes (3) and (4) consistent
with each other (see Lemma 1 below).
With this setting, we need the following conditions to hold true:
A1) the measure dx is relatively G-invariant with character α and there exists a
relatively invariant measure dξ on Ξ with character β;
A2) there exists a relatively H-invariant measure m0 on ξˆ0 with character γ;
A3) there exist a Borel section σ : Ξ → G for the action (5) and a character ι of G
such that
γ
(
σ(ξ)−1gσ(g−1. ξ)
)
= ι(g), g ∈ G, ξ ∈ Ξ; (6)
A4) the quasi-regular representation pi of G acting on L2(X, dx) as
pi(g) f (x) = α(g)−1/2 f (g−1[x]),
is irreducible and square-integrable;
A5) the quasi-regular representation pˆi of G acting on L2(Ξ, dξ) as
pˆi(g)F(ξ) = β(g)−1/2F(g−1. ξ),
is irreducible;
A6) there exists a non-trivial pi-invariant subspace A ⊆ L2(X, dx) such that for all
f ∈ A
f (σ(ξ)[·]) ∈ L1(ξˆ0,m0) for almost all ξ ∈ Ξ, (7a)
R f :=
∫
ξˆ0
f (σ(·)[x])dm0(x) ∈ L
2(Ξ, dξ), (7b)
and the adjoint of the operator R : A → L2(Ξ, dξ) has non-trivial domain.
We add a few comments. The assumption that the measure dx is (relatively)
invariant ensures that the group G acts also on the signals by means of the unitary
representation pi.
It is worth observing that (7a) is independent of the section σ. Indeed, if σ′ is
another section, by assumption A2) we have∫
ξˆ0
| f (σ′(ξ)[x])|dm0(x) =
∫
ξˆ0
| f (σ(ξ)σ(ξ)−1σ′(ξ)[x])|dm0(x)
= γ
(
σ′(ξ)−1σ(ξ)
) ∫
ξˆ0
| f (σ(ξ)[x])|dm0(x),
since σ(ξ)−1σ′(ξ) ∈ H.
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By means of the section σ, the family {ξˆ} is given by
ξˆ = σ(ξ)[ξˆ0] ⊆ X, (8)
and the map x 7→ σ(ξ)[x] is a Borel bijection from ξˆ0 onto ξˆ, so that (7b) reads as
R f (ξ) =
∫
ξˆ
f (x)dmξ(x), (9)
where mξ is the imagemeasure of m0 under the above bijection. Hence for any signal
belonging toA, the map R f is precisely the Radon transform of f . Note thatA is a
dense subspace of L2(X, dx) by irreducibility of pi and this property also guarantees
that the adjoint of R is uniquely defined.
Given the space of signals L2(X, dx), there are possiblymany different pairs (G,H)
that give rise to the same family {ξˆ} of subsets and (essentially) to the same Radon
trasform R. In this paper, G is chosen in such a way that pi is a square-integrable
representation, so that there exists a self-adjoint operator
C : domC ⊆ L2(X, dx) → L2(X, dx),
semi-invariant with weight ∆
1
2 , where ∆ is the modular function of G. Hence, for all
ψ ∈ domC with ‖Cψ‖ = 1, the voice transformVψ
(Vψ f )(g) = 〈 f , pi(g)ψ〉, g ∈ G,
is an isometry from L2(X, dx) into L2(G, µG). In this case the vector ψ is called
admissible and we have the weakly-convergent reproducing formula
f =
∫
G
(Vψ f )(g)pi(g)ψ dµG(g), (10)
see, for example, [8, Theorem 2.25]). Eq. (10) is at the basis of our reconstruction
formula (14).
We stress that in Helgason’s approach, the representation pi is not directly con-
sidered, and hence there is no need to require it to be either irreducible or square-
integrable. This entails a larger freedom in the choice of the group G.
We recall that, since X , Ξ and ξˆ0 are transitive spaces, there always exist quasi-
invariant measures on these three spaces. In Helgason’s approach, it is assumed that
the measures are invariant, so that they are unique up to a constant. In this paper,
we only require that dx, dξ and m0 are relatively invariant. In particular, m0 is not
uniquely given (up to a constant) and the definition of the Radon transform depends
not only on the family {ξˆ}, but also on the measure m0 and the section σ. Since m0
is not invariant, Assumption A3) is needed to ensure the right covariance properties
of the Radon transform and in many examples it can be easily satisfied by a suitable
choice of the section σ.
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2.3 The Unitarization Theorem and Inversion Formula
The isometric extension problem for the Radon transform was actually addressed
and implicitly solved by Helgason in the general context of symmetric spaces, see
[12, Corollary 3.11]. However, as a consequence of the intertwining properties of
the Radon transform it is possible to provide an alternative proof of the following
result, see [1].
Theorem 1 Under the above assumptions,
1. the Radon transform R : A → L2(Ξ, dξ) admits a unique closure R;
2. the closure R satisfies
Rpi(g) = χ(g)−1pˆi(g)R, (11)
for all g ∈ G, where χ is the character given by
χ(g) = α(g)1/2β(g)−1/2γ(gσ(g−1.ξ0))
−1; (12)
3. there exists a unique positive self-adjoint operator
I : dom(I) ⊇ ImR → L2(Ξ, dξ),
semi-invariant with weight ζ = χ−1 with the property that the composite oper-
ator IR extends to a unitary operator Q : L2(X, dx) → L2(Ξ, dξ) intertwining
pi and pˆi, namely
pˆi(g)Qpi(g)−1 = Q, g ∈ G. (13)
It follows that the representations pi and pˆi are equivalent, so that pˆi is square-
integrable, too.
Since Q is unitary and satisfies (39) and pi is square-integrable, it is possible to
prove the following inversion formula for the Radon transform, [1].
Theorem 2 Let ψ ∈ L2(X, dx) be an admissible vector for the representation pi such
that Qψ ∈ domI, and set Ψ = IQψ. Then, for any f ∈ domR,
f =
∫
G
χ(g)〈R f , pˆi(g)Ψ〉 pi(g)ψ dµG(g), (14)
where the integral is weakly convergent,and
‖ f ‖2 =
∫
G
χ(g)2 |〈R f , pˆi(g)Ψ〉|2dµ(g). (15)
If, in addition, ψ ∈ domR, then Ψ = I2Rψ.
Note that the datum R f is analyzed by the family {pˆi(g)Ψ}g∈G and the signal f
is reconstructed by a different family, namely {pi(g)ψ}g∈G . The idea to exploit the
theory of the continuous wavelet transform to derive inversion formulae for the
Radon transform is not new, we refer to [4, 15, 16, 19, 22, 26, 27]–to name a few.
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3 Dual pairs and irreducibility
In this section, we show the relation between our setting and the notion of dual
pairs introduced by Helgason [13] and the connection with the assumption on the
irreducibility. If we identify X and Ξ with the corresponding homogenous spaces
G/K and G/H, so that ξ = g1H for some g1 ∈ G, then a point x = g2K belongs to ξˆ
if and only if g2K ∩ g1H , ∅, which is the notion of incidence introduced by Chern
in [6] and adopted by Helgason.
Interchanging the roles of X and Ξ, we can define
xˇ0 = K . ξ0 ⊆ Ξ, xˇ = s(x). xˇ0 ⊆ Ξ,
where s : X → G is any section for the action (2). The notion of incidence makes
clear the following duality relation
x ∈ ξˆ ⇐⇒ ξ ∈ xˇ.
Furthermore, if xˇ0 admits a relatively invariant measure mˆ0, we can define the
back-projection of a function fˆ : Ξ→ C as
R# fˆ (x) =
∫
xˇ0
fˆ (s(x).ξ)dmˆ0(ξ) =:
∫
xˇ
fˆ (ξ)dmˆx(ξ),
provided that the integral converges, where mˆx is the image measure of m0 under the
bijection ξ 7→ s(x).ξ from xˇ0 onto xˇ.
The pair (X,Ξ) is called a dual pair by Helgason if both the map ξ 7→ ξˆ and
the map x 7→ xˇ are injective. Below we provide an alternative characterization of
injectivity. We need some preliminary facts.
Lemma 1 For all g ∈ G and ξ ∈ Ξ
g[ξˆ] = ĝ.ξ
Proof For g ∈ G and ξ = g′H ∈ Ξ, by equations (4) and (5) it holds that
g[ξˆ] = gg′[ξˆ0] = ĝ.ξ .
This concludes the proof. 
Lemma 2 The set
H˜ = {g ∈ G | g[ξˆ0] = ξˆ0}
is a closed subgroup of G and H˜ ⊇ H.
Proof Clearly, H˜ is a subgroup of G and H˜ ⊇ H. We prove that it is closed. Let
(gn)n be a sequence of H˜ converging to g and x ∈ ξˆ0, then (gn[x])n is a sequence
of ξˆ0 converging to g[x] ∈ ξˆ0 since the action is continuous and ξˆ0 is closed. Then,
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g[ξˆ0] ⊆ ξˆ0. The same argument applied to the sequence (g−1n )n in H˜, which converges
to g−1, yields g−1[ξˆ0] ⊆ ξˆ0, namely, ξˆ0 ⊆ g[ξˆ0]. 
The next proposition provides an alternative characterization of the injectivity in
terms of H˜. More precisely, the map ξ 7→ ξˆ is injective if and only if H is chosen as
the maximal subgroups fixing ξˆ0. The reader is referred to Section 4 below for two
examples of this aspect.
Proposition 1 The map ξ 7→ ξˆ is injective if and only if H˜ = H.
Proof Given ξ, ξ ′ ∈ Ξ, the condition ξˆ = ξˆ ′ is equivalent to σ(ξ ′)−1σ(ξ)[ξˆ0] = ξˆ0,
i.e., σ(ξ ′)−1σ(ξ) ∈ H˜.
On the other hand, since ξ = σ(ξ).ξ0 and ξ ′ = σ(ξ ′).ξ0, the condition ξ = ξ ′ is
equivalent to σ(ξ).ξ0 = σ(ξ ′).ξ0, i.e., σ(ξ ′)−1σ(ξ) ∈ H.
If H = H˜, it follows that ξˆ = ξˆ ′ if and only if ξ = ξ ′. If H , H˜, then since H is
always contained in H˜, there exists g ∈ H˜ \ H. Then, by Lemma 1,
ξˆ0 = g[ξˆ0] = ĝ.ξ0 .
However, g.ξ0 , ξ0 because g < H. 
Since H˜ is closed, we can consider the transitive space Ξ˜ = G/H˜ and, since H is
a closed subgroup of H˜, the map
j : Ξ→ Ξ˜, j(gH) = gH˜,
is a continuous surjection intertwining the actions of G on Ξ and Ξ˜, i.e.
j(g.ξ) = g. j(ξ), g ∈ G, ξ ∈ Ξ,
where the action of Ξ˜ is still denoted by g.ξ˜ . Furthermore, for all ξ˜ = gH˜ ∈ Ξ˜, we
define
ˆ˜
ξ = gH˜[x0].
Corollary 1 For all ξ ∈ Ξ
ĵ(ξ) = ξˆ (16)
and the map ξ˜ 7→
ˆ˜
ξ is injective.
Proof Fix ξ = gH ∈ Ξ, then
ĵ(ξ) = gH˜[x0] = g(H˜H)[x0] = gH˜[ξˆ0] = g[ξˆ0] = ξˆ,
where the second equality holds true since H˜H = H˜ whereas the fourth equality is
due to the definition of H˜. If ξ˜0 = j(ξ0) = H˜ is the origin of Ξ˜, from (16), it follows
that ̂˜ξ0 = ξˆ0, so that ˜˜H = H˜ and the injectivity follows from Prop. 1 with H replaced
by H˜. 
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3.1 Irreducibility
In this section we show that if H is a proper subgroup of H˜, then pˆi is not irreducible.
To prove the claim we need that H˜ satisfies the same assumptions made on H and
that there is the appropriate compatibility between the two subgroups.
As in A1), we first suppose that G/H˜ has a G-relatively invariant measure dξ˜
with the same character β of dξ. Since β satisfies
β(h) =
∆
H˜
(h)
∆G(h)
h ∈ H˜, β(h) =
∆H (h)
∆G(h)
h ∈ H, (17)
then
∆H (h) = ∆H˜ (h), h ∈ H. (18)
Eq. (18) implies that there exists an invariantmeasureω on H˜/H, see [5, Corollary 2
Section 2, No. 6 INT VII.43].
Note that ξˆ0 is a transitive space with respect to the action of H˜. As in Ass. A2),
we also assume that the measure m0 is relatively H˜-invariant with character γ˜. Note
that
γ˜(h) = γ(h), h ∈ H.
Finally, strengthening the analogous of A3) for Ξ˜, we suppose that σ is such that
γ˜(σ(ξ ′)−1σ(ξ)) = 1, (19)
for every ξ, ξ ′ ∈ Ξ with j(ξ) = j(ξ ′).
The main result of this work reads as follows.
Theorem 3 Under the above assumptions, if pˆi is irreducible, then H = H˜ and the
map ξ 7→ ξˆ is injective.
The rest of this section is devoted to the proof of this result.
To prove our main result we recall the following disintegration formula.We adopt
the notation of [5, Definition 1, Section 2, No. 2 INTVII.31]. Given a character β of
G and a closed subgroup G0 of G, we denote by β · µG/µG0 the unique measure on
the quotient space G/G0 such that for all compactly supported continuous functions
f : G → C
∫
G
β(g) f (g)dµG(g) =
∫
G/G0
©­­«
∫
G0
f (gh)dµG0(h)
ª®®¬ d
(
β · µG/µG0
)
(gG0).
Observe first that, according to [5, Theorem 3, Section 2, No. 6 INT VII.43], the
relatively invariant measures dξ˜ and dξ are proportional to (β · µG)/µH˜ and (β ·
µG)/µH , respectively. Furthermore, note that the map
(G, H˜) ∋ (g, h) → gh ∈ G
12 G. S. Alberti, F. Bartolucci, F. De Mari, and E. De Vito
defines a continuous and proper right action of H˜ ontoG. Themeasure β · µG is right
relatively H˜-invariant with character ∆
H˜
. Then by [5, Corollary 1, Section 2, No. 8
INT VII.45], there exists a positive constant C > 0 such that, for any f ∈ L1(Ξ, dξ)
∫
Ξ
f (ξ)dξ = C
∫
Ξ˜
©­­«
∫
H˜/H
f (σ˜(ξ˜)h.ξ0)dω(hH)
ª®®¬dξ˜ (20)
where σ˜ : Ξ˜ → G is a section and the value f (σ˜(ξ˜)h.ξ0) depends only on the left
coset hH since H is the stability subgroup at ξ0. The right hand side is well defined
since there is a negligible set E˜ ⊂ Ξ˜ such that if ξ˜ < E˜ , the map
H˜/H ∋ hH → f (σ˜(ξ˜)h.ξ0) ∈ C
is integrable with respect to ω, and the almost everywhere defined function
Ξ˜ ∋ ξ˜ 7→
∫
H˜/H
f (σ˜(ξ˜)h.ξ0) ∈ C
is integrable with respect to dξ˜. Furthermore, (20) is equivalent to
∫
Ξ
f (ξ)dξ = C
∫
Ξ˜
©­­«
∫
j(ξ)=ξ˜
f (ξ)dν
ξ˜
(ξ)
ª®®¬ dξ˜ (21)
where ν
ξ˜
is the image measure of ω under the map
H˜/H ∋ hH 7→ σ˜(ξ˜)h.ξ0 ∈ Ξ,
which is a homeomorphism from H˜/H onto the closed subset j−1(ξ˜). In particular,
it holds true that the support of each ν
ξ˜
is j−1(ξ˜). As a consequence, a subset E˜ ⊂ Ξ˜
is negligible with respect to dξ˜ if and only if j−1(E˜) is negligible with respect to dξ.
The next lemma shows that the Radon transform R f (ξ) depends only on j(ξ).
Lemma 3 For all f ∈ A, there exists F˜ : Ξ˜ → C and a negligible set E˜ ⊆ Ξ˜ such
that j−1(E˜) is negligible and
R f (ξ) = F˜( j(ξ)), ξ < j−1(E˜). (22)
Furthermore, for every ξ1, ξ2 ∈ Ξ
ξˆ1 = ξˆ2 =⇒ R f (ξ1) = R f (ξ2).
Proof Given f ∈ A, define
E = {ξ ∈ Ξ : f (σ(ξ))[·]) < L1(ξˆ0,m0)}.
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By (7a), the set E is negligible. For any two points ξ, ξ ′ ∈ Ξ such that j(ξ) = j(ξ ′),
taking into account that σ(ξ ′)−1σ(ξ) ∈ H˜ and by assumption (19), it holds that
R f (ξ ′) =
∫
ξˆ0
f (σ(ξ)σ(ξ)−1σ(ξ ′)[x]) dm0(x)
= γ˜(σ(ξ ′)−1σ(ξ))
∫
ξˆ0
f (σ(ξ))[x]) dm0(x)
= γ˜(σ(ξ ′)−1σ(ξ))R f (ξ)
= R f (ξ),
so that either ξ, ξ ′ < E or ξ, ξ ′ ∈ E and the claim follows with E˜ = j(E) because
E = j−1( j(E)). Since E is negligible, so is E˜ as a consequence of (21), as already
observed.
The last part immediately follows from Corollary 1. 
As shown by the following corollary, F is the Radon transform of f associated to the
pair (X, Ξ˜), which trivially satisfies A1) to A4), whereas the definition of the Radon
trasform requires only (7a).
Corollary 2 Let q : Ξ˜ → Ξ be a measurable section such that q(ξ˜0) = ξ0. Then
σ˜ = σ ◦ q : Ξ˜ → G is a measurable section. Furthermore, the pair (X, Ξ˜) satisfies
A3) and (7a) for all f ∈ A and, denoting the corresponding Radon transform by R˜,
for all f ∈ A,
R f (ξ) = R˜ f ( j(ξ)) a.e. ξ ∈ Ξ,
and
R f (q(ξ˜)) = R˜ f (ξ˜) a.e. ξ˜ ∈ Ξ˜.
Proof Let p : G → Ξ and p˜ : G → Ξ˜ be the canonical projections, then p˜ = j ◦ p.
We readily derive
p˜ ◦ σ˜ = j ◦ (p ◦ σ) ◦ q = j ◦ q = Id, σ˜( j(ξ0)) = σ(ξ0) = e,
so that σ˜ is a measurable section from Ξ˜ to G.
From (6), with ξ = q(ξ˜) and g ∈ G we get
ι(g) = γ
(
σ(q(ξ˜))−1gσ(g−1 .q(ξ˜))
)
= γ˜
(
σ˜(ξ˜)−1g
(
σ˜(g−1. ξ˜)σ(ξ ′)−1
)
σ(ξ ′′)
)
= γ˜
(
σ˜(ξ˜)−1gσ˜(g−1. ξ˜)
)
γ˜(σ(ξ ′)−1σ(ξ ′′))
= γ˜
(
σ˜(ξ˜)−1gσ˜(g−1. ξ˜)
)
where ξ ′ = q(g−1.ξ˜) and ξ ′′ = g−1.q(ξ˜) are such that j(ξ ′) = j(ξ ′′) so that the last
equality is a consequence of (19). Hence, Assumption A3) holds true.
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We now prove (7a) for σ˜. Take f ∈ A. Let E˜ ⊆ Ξ˜ be the negligible set given by
Lemma 3. Note that if ξ˜ < E˜ then q(ξ˜) < j−1(E˜). Thus, for ξ˜ < E˜ we have∫
ξˆ0
| f (σ˜(ξ˜))[x])|dm0(x) =
∫
ξˆ0
| f (σ(q(ξ˜))[x])|dm0(x) < +∞,
and so f (σ˜(ξ˜)[·]) ∈ L1(ξˆ0,m0). Similarly, for ξ˜ < E˜ we have
R˜ f (ξ˜) :=
∫
ˆ˜
ξ0
f (σ˜(ξ˜)[x])dm0(x) =
∫
ξˆ0
f (σ(q(ξ˜))[x])dm0(x) = R f (q(ξ˜)).
Finally, for ξ˜ = j(ξ) with ξ < j−1(E˜) we have j(q(ξ˜)) = ξ˜, and so Lemma 3 yields
R˜ f ( j(ξ)) = R f (ξ),
as desired. 
Lemma 4 The space
L2(Ξ, dξ)0 = {F ∈ L
2(Ξ, dξ) | F(ξ) = F˜( j(ξ)) for a.e. ξ ∈ Ξ for some F˜ : Ξ˜→ C}
is a closed pˆi-invariant subspace. Hence, if pˆi is irreducible, then
L2(Ξ, dξ)0 = L
2(Ξ, dξ). (23)
Proof We first observe that, given F ∈ L2(Ξ, dξ)0, by construction there exists
F˜ : Ξ˜→ C such that F and F˜ ◦ j are equal almost everywhere. Hence, we can always
assume that F = F˜ ◦ j.
Let (Fn) be a sequence in L2(Ξ, dξ)0 converging to F ∈ L2(Ξ, dξ). As observed,
we can assume that Fn = F˜n◦ j where F˜n : Ξ˜→ C. Since Fn converges to F , possibly
passing to a subsequence, there exists a negligible set E such that
lim
n→+∞
Fn(ξ) = lim
n→+∞
F˜n( j(ξ)) = F(ξ), ξ < E .
Define F˜ : Ξ˜→ C as
F˜(ξ˜) =
{
lim
n→+∞
F˜n(ξ˜) ξ˜ ∈ j(Ξ \ E),
0 ξ˜ < j(Ξ \ E).
Then by construction
F(ξ) = F˜( j(ξ)), ξ < E .
It follows that L2(Ξ, dξ)0 is closed. We now prove that it is pˆi-invariant. Given g ∈ G,
for all F ∈ L2(Ξ, dξ)0
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pˆi(g)F(ξ) = β(g)−1/2F(g−1.ξ)
= β(g)−1/2F˜( j(g−1.ξ))
= β(g)−1/2F˜(g−1. j(ξ)),
so that L2(Ξ, dξ)0 is pˆi-invariant.
Assume that pˆi is irreducible, then L2(Ξ, dξ)0 is zero or the full space. Since A
is not trivial, there exists a non-zero f ∈ A such that R f ∈ L2(Ξ, dξ)0 by (22).
Furthermore, R f , 0 since IR f = Q f , 0 because Q is an isometry. Hence
L2(Ξ, dξ)0 is non-trivial and L2(Ξ, dξ)0 = L2(Ξ, dξ). 
The proof of Theorem 3 will be an immediate consequence of Proposition 1 and
of the following result.
Proposition 2 Assume that H˜ , H, then pˆi is not irreducible.
Proof Suppose by contradiction that pˆi is irreducible, then L2(Ξ, dξ)0 = L2(Ξ, dξ)
by Lemma 4.
We first prove that ω is a finite measure. Fix f ∈ L1(Ξ, dξ) ∩ L2(Ξ, dξ) such that
f is positive and f , 0, then there exists F : Ξ˜→ C such that F( j(ξ)) = f (ξ) for all
ξ < E where E ⊂ Ξ is negligible. Hence, by (21)
0 <
∫
Ξ
f (ξ)dξ =
∫
Ξ
F( j(ξ))dξ = C
∫
Ξ˜
©­­«
∫
j(ξ)=ξ˜
F( j(ξ))dν
ξ˜
(ξ)
ª®®¬ d ξ˜
= C
∫
Ξ˜
F(ξ˜) ν
ξ˜
(Ξ) dξ˜ < ∞.
It follows that there exists a negligible subset E˜ ⊂ Ξ˜ such that for all ξ˜ < E˜ , ν
ξ˜
(Ξ) is
finite. By construction of ν
ξ˜
as image measure
ν
ξ˜
(Ξ) = ω(H˜/H) < +∞, ξ˜ ∈ Ξ˜.
For every ξ˜ ∈ Ξ˜, the map hH 7→ (σ˜(ξ˜)h).ξ0 is a homeomorphism from H˜/H
onto j−1(ξ˜). Thus, since H˜/H is not a singleton, there exist ξ1, ξ2 ∈ j−1(ξ˜) such
that ξ1 , ξ2 and, hence, two disjoint compact neighbourhoods V1
ξ˜
,V2
ξ˜
of ξ1 and ξ2,
respectively (see Figure 8). Since the support of ν
ξ˜
is j−1(ξ˜), then
ν
ξ˜
(V1
ξ˜
) > 0, ν
ξ˜
(V2
ξ˜
) > 0. (24)
Let now K ⊂ Ξ˜ be a compact set of positive measure,
Z = {ξ ∈ Ξ : j(ξ) ∈ K, ξ ∈ V1
j(ξ)
},
and f be the corresponding characteristic function of Z . By applying (21) we obtain
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Ξ
Ξ˜
ξ˜
j−1(ξ˜ )
K
Z
ξ1
V 1
ξ˜
ξ2 V
2
ξ˜
Fig. 1 The setup considered in the proof of Proposition 2.
0 <
∫
Ξ
| f (ξ)|2dξ =
∫
Ξ
f (ξ)dξ = C
∫
K
ν
ξ˜
(V1
ξ˜
)dξ˜ ≤ Cω(H˜/H)
∫
K
dξ˜ < +∞,
which is finite since ω(H˜/H) < +∞ and K is compact. We can apply (21) since f is
positive [5, item c), Corollary 1, Section 2, No. 8 INT VII.45]. Hence f ∈ L2(Ξ, dξ)
and, as above, there exists F : Ξ˜→ C such that F( j(ξ)) = f (ξ) for all ξ < E ′ where
E ′ ⊂ Ξ is negligible. Since E ′ is negligible, by (21) applied to the characteristic
function of E ′ there exists a negligible subset E˜ ′ ⊂ Ξ˜ such that
ν
ξ˜
(
E ′ ∩ j−1(ξ˜)
)
= 0, ξ˜ < E˜ ′. (25)
Choose an arbitrary ξ˜ ∈ K \ E˜ ′. By (24) and (25), for i = 1, 2 there exists ξi ∈ V i
ξ˜
\E ′
such that j(ξi) = E˜ ′. Thus
F(ξ˜) = F( j(ξi)) = f (ξi) =
{
1 if i = 1,
0 if i = 2,
which is absurd. 
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4 3D-signals: Radon and ray transforms
4.1 The Radon transform on R3
4.1.1 Groups and spaces
The Radon transform on R3 of a signal f is defined as the integral of f over the set
of planes in R3. We show that this is an example of our construction.
The input space is X = R3 and the group is SIM(3), the semi-direct product
R3 ⋊ K , with K = {aR ∈ GL(3,R) : R ∈ SO(3), a ∈ R+}. Under the identification
K ≃ SO(3) × R+, we write (b, R, a) for the elements in SIM(3) and the group law
becomes
(b, R, a)(b′, R′, a′) = (b + aRb′, RR′, aa′).
A left Haar measure of SIM(3) is given by
dµ(b, R, a) = a−4dbdRda, (26)
where db and da are the Lebesgue measures on R3 and R+, respectively, and dR is
a Haar measure of SO(3). The group SIM(3) acts on R3 by the canonical action
(b, R, a)[x] = b + aRx, (b, R, a) ∈ SIM(3), x ∈ R3.
The isotropy at the origin x0 = 0 is the subgroup {(0, k) : k ∈ K} which we identify
with K , so that X ≃ SIM(3)/K . Furthermore, the Lebesgue measure dx on R3 is
a relatively SIM(3)-invariant measure with positive character α(b, R, a) = a3. It
remains to choose the closed subgroup H of SIM(3) in such a way that {ξ̂} is the set
of planes in R3. We consider H = (R2 × {0}) ⋊ (O(2) ×R+), where O(2) denotes the
subgroup of rotations leaving the plane z = 0 invariant, i.e. it consists of the matrices
of the form
R =
[
R±Rθ 0
0 ±1
]
,
where Rθ ∈ SO(2), R+ is the identity and R− = [ 1 00 −1 ]. By (3), the root manifold is
the xy-plane
ξˆ0 = H[x0] = {x ∈ R
3 : x · e3 = 0}
and it is easy to verify that m0 = dxdy is a relatively H-invariant measure on ξˆ0 with
character γ(b, R, a) = a2. Furthermore, for each ξ = (b, R, a)H ∈ Ξ = SIM(3)/H,
by (4) we compute
ξˆ = (b, R, a)[ξˆ0] = {x ∈ R
3 : Re3 · x = Re3 · b},
which is the plane perpendicular to the vector Re3 and passing through b. It is
worth observing that H is the maximal closed subgroup of SIM(3) which satisfies
h[ξˆ0] = ξˆ0 for every h ∈ H and then, by Proposition 1, the map ξ → ξˆ is injective.
Had we chosen H ′ = (R2 × {0}) ⋊ (SO(2) × R+), we would have had H ′ ( H˜ and,
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indeed, the map ξ ′ 7→ ξ̂ ′ would not have been injective, since every plane would
have been labeled by two different ξ ′.
We identify the coset space Ξ = SIM(3)/H with the set [0, pi)2∗ × R, where
[0, pi)2∗ =
(
[0, pi) × (0, pi)
)
∪ {(0, 0)},
and we write
n(θ, ϕ) = t (sin ϕ cos θ, sin ϕ sin θ, cos ϕ)
for every (θ, ϕ) ∈ [0, pi)2∗. The group SIM(3) acts on [0, pi)
2
∗ × R by the transitive
action
(b, R, a).(θ, ϕ, t) = (θR, ϕR, R n(θ, ϕ) · n(θR, ϕR)(at + R n(θ, ϕ) · b)),
where (θR, ϕR) ∈ [0, pi)2∗ is such that R n(θ, ϕ) = ±n(θR, ϕR). Since the stability sub-
group at (0, 0, 0) is H, then SIM(3)/H ≃ [0, pi)2∗×R under the canonical isomorphism
(b, R, a)H 7→ (b, R, a).(0, 0, 0).
We endow Ξ with the measure dξ = sin ϕ dθdϕdt, where dθ, dϕ and dt are the
Lebesgue measure on [0, pi) and R, respectively. It is easy to verify that dξ is a
relatively SIM(3)-invariant measure on Ξ with positive character β(b, R, a) = a.
4.1.2 The representations
The group SIM(3) acts on L2(R3) by means of the unitary representation pi defined
by
pi(b, R, a) f (x) = a−
3
2 f (a−1R−1(x − b)), (27)
The dual action R3 × K ∋ (η, k) 7→ t kη has a single open orbit O = R3 for e3 of full
measure and the stabilizer Ke3 ≃ SO(2) × {1} is compact. Then, the representation
pi is irreducible and square-integrable, see [2].
Furthermore, the quasi-regular representation pˆi of SIM(3) acting on L2(Ξ, dξ) as
pˆi(b, R, a)F(θ, ϕ, t) = a−
1
2 F
(
θR−1, ϕR−1, R
−1n(θ, ϕ) · n(θR−1, ϕR−1)
t − n(θ, ϕ) · b
a
)
,
is irreducible, too. As a consequence, Theorem 3 guarantees that the map ξ 7→ ξˆ
is injective. Let us consider again the situation with the choice H ′ = (R2 × {0}) ⋊
(SO(2) × R+). In this case, Ξ′ = SIM(3)/H′ may be identified with S2 × R, and we
have already observed that the map
ξ ′ = (n, t) 7→ ξˆn,t = {x ∈ R
3 : n · x = t}
is not injective, since (n1, t1) and (n2, t2) identify the same plane if
(n1, t1) = ±(n2, t2). (28)
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In the notation of Section 3, this corresponds to j(n1, t1) = j(n2, t2). According
to Theorem 3, this implies that the corresponding quasi-regular representation pi′
cannot be irreducible. Let us verify this explicitly, in order to visualise the link
between the irreducibility of pi′ and the injectivity of ξ ′ 7→ ξ̂ ′ in this example. By
arguing as above, it is easy to prove that
pi′(b, R, a)F(n, t) = a−
1
2 F
(
R−1n,
t − n · b
a
)
.
Thus, using the notation of Lemma 4, the set
L2(Ξ′, dξ ′)0 = {F ∈ L
2(Ξ′, dξ ′) : F(n1, t1) = F(n2, t2) if (28) holds}
is a closed pi′-invariant proper subspace of L2(Ξ′, dξ ′). Hence, pi′ is not irreducible.
4.1.3 The Radon transform
In order to define the Radon transformwe need to endow each ξˆ with a suitable mea-
sure. Since the measure m0 is H-relatively invariant, the choice of the representative
of ξ is crucial. We fix the Borel section
σ : Ξ→ G, σ(θ, ϕ, t) = (tn(θ, ϕ), Rθ,ϕ, 1),
with Rθ,ϕ ∈ SO(3) such that Rθ,ϕe3 = n(θ, ϕ). We observe that, since γ extends
to a positive character of G, assumption (A4) is implied by the stronger condition
γ(σ(ξ)) = 1 for every ξ ∈ Ξ. Then,we compute the Radon transformby (9) obtaining
R f (θ, ϕ, t) =
∫
R2
f
(
tn(θ, ϕ) + Rθ,ϕ(x, y, 0)
)
dxdy, (29)
which is the integral of f on the plane of equation n(θ, ϕ) · x = t. As a consequence
of Fubini theorem, equation (29) makes sense for instance if f ∈ L1(R3).
We recall a crucial result in Radon transform theory in its standard version, known
as Fourier slice theorem. We denote by I the identity operator.
Proposition 3 For every f ∈ L1(R3)
(I ⊗ F )R f (θ, ϕ, τ) = F f (τn(θ, ϕ)), (30)
for all (θ, ϕ, τ) ∈ [0, pi)2∗ × R.
Here the Fourier transform on the right-hand side is in R3, whereas the operator F
on the left-hand side is one-dimensional and acts on the variabile t. We repeat this
slight abuse of notation in other formulas below.
We show that assumption A6) holds true. Let S2 be the sphere in R3 and denote
by S(R3) and S(S2 × R) the Schwartz spaces of rapidly decreasing functions on R3
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and on S2 ×R, respectively, and by S′(R3) and S′(S2 ×R) the corresponding spaces
of tempered distributions; see [13, Chapter 1.2] for the definition on S2 × R.
We extend the Radon transform R as an even function on S2 and we denote it by
Re, i.e.
Re f (u, t) = R f (θu, ϕu, u · n(θu, ϕu)t),
where (θu, ϕu) ∈ [0, pi)2∗ is such that n(θu, ϕu) = ±u.
We recall that, since Re is a continuous map from S(R3) into S(S2 × R) (see
[11]), given F ∈ S′(S2 × R), the tempered distribution R#eF : S(R
3) → C given by
〈R#eF, f 〉 = 〈F,Re f 〉
is well-defined. If F ∈ S(S2 × R), by Theorem 1.4 in [18, Chapter 2], the tempered
distribution FR#eF is represented by the function
FR#eF(v) = |v|
−2[(I ⊗ F )F(v/|v|, |v|) + (I ⊗ F )F(−v/|v|,−|v|)]. (31)
By equation (31), R#eF is in L
2(R3) provided that∫
R
tmF(u, t)dt = 0, m ∈ N. (32)
We fix a non-zero F ∈ S(S2 × R) which satisfies (32) and the symmetry condition
F(u, t) = F(−u,−t) and we denote its restriction to [0, pi)2∗ × R by F0, that is
F0(θ, ϕ, t) = F(n(θ, ϕ), t),
for every (θ, ϕ, t) ∈ [0, pi)2∗ × R. Then, there exists a positive constant C such that
|〈F0,R f 〉L2([0,pi)2∗×R) | =
1
2
|〈F,Re f 〉L2(S2×R) | = |〈R
#
eF, f 〉| ≤ C‖ f ‖,
for any f ∈ S(R3). Therefore, if we take f0 ∈ S(R3) and define the vector subspace
A = span{pi(g) f0 : g ∈ G} ⊆ S(R3), then the domain of the adjoint of the restriction
of R toA is non-trivial since F0 ∈ dom(R∗) and assumption A6) holds true.
4.1.4 The unitarization theorem
By Theorem 1, the Radon transform R : A → L2(Ξ, dξ) admits a unique closure R
which satisfies
Rpi(b, R, a) = χ(b, R, a)−1pˆi(b, R, a)R, (b, R, a) ∈ G, (33)
where χ(b, R, a) = a since α(b, R, a) = a3, β(b, R, a) = a and γ(b, R, a) = a2.
Furthermore, there exists a unique positive self-adjoint operator
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I : dom(I) ⊇ ImR → L2(Ξ, dξ),
semi-invariant with weight χ(b, R, a)−1 = a−1 with the property that the composite
operator IR extends to a unitary operator Q : L2(X, dx) → L2(Ξ, dξ) intertwining
pi and pˆi, namely
pˆi(g)Qpi(g)−1 = Q, g ∈ G. (34)
We can provide an explicit formula for I.
Consider the subspace
D = { f ∈ L2([0, pi)2∗ × R) :
∫
[0,pi)2∗×R
|τ |2 |(I ⊗ F ) f (θ, ϕ, τ)|2 sin ϕ dθdϕdτ < +∞}
and define the operator J : D → L2([0, pi)2∗ × R) by
(I ⊗ F )J f (θ, ϕ, τ) = |τ |(I ⊗ F ) f (θ, ϕ, τ), (35)
a Fourier multiplier with respect to the variable t. A direct calculation shows that
J is a densely defined positive self-adjoint injective operator and is semi-invariant
with weight ζ(g) = χ(g)−1 = a−1. By [7, Theorem 1], there exists c > 0 such that
I = cJ and we now show that c = 1. Take a non-zero function f ∈ A. Then, by
Plancherel theorem and Proposition 3 we have that
‖ f ‖2 = ‖IR f ‖2
L2([0,pi)2∗×R)
= c2‖(I ⊗ F )JR f ‖2
L2([0,pi)2∗×R)
= c2
∫
[0,pi)2∗×R
|(I ⊗ F )R f (θ, ϕ, τ)|2 |τ |2 sin ϕ dθdϕdτ
= c2
∫
[0,pi)2∗×R
|F f (τn(θ, ϕ))|2 |τ |2 sin ϕ dθdϕdτ
= c2‖ f ‖2.
Thus, we obtain c = 1.
4.1.5 The inversion formula
By Theorem 2, for any f ∈ A we have the reconstruction formula
f =
∫
SIM(3)
a−
9
2 〈R f , pˆi(b, R, a)Ψ〉L2(Ξ,dξ)ψ(a
−1R−1(x − b))dbdRda,
where the integral is weakly convergent and where we used that χ(b, R, a) = a, the
expression of the Haar measure of SIM(3) given in (26) and the expression of pi
given in (27).
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4.2 The X-ray transform.
The X-ray transform in the Euclidean 3-space maps a function on R3 into the
set of integrals over the lines and the X-ray reconstruction problem consists in
reconstructing a signal f by means of its line integrals.
4.2.1 Groups and spaces
Take the same group G = SIM(3) as in subsection 4.1, namely G = R3 ⋊ K , with
K = {aR ∈ GL(3,R) : R ∈ SO(3), a ∈ R+}. Firstly, we choose X = R3 and, for what
concerns this space, we keep the notation as in subsection 4.1. Then, we consider
the space Ξ = G/H, where H = ({(0, 0)} × R) ⋊ (×R+). By (3), the root manifold is
then
ξˆ0 = {te3 : t ∈ R}
and it is easy to verify that m0 = dt is a relatively H-invariant measure on ξˆ0 with
character γ(b, R, a) = a. Furthermore, for each ξ = (b, R, a)H ∈ Ξ, by (4) we
compute
ξˆ = (b, R, a)[ξˆ0] = {tRe3 + b : t ∈ R},
which is the line parallel to the vector Re3 and passing through the point b. It is
worth observing that H is the maximal closed subgroup of SIM(3) which satisfies
h[ξˆ0] = ξˆ0 for every h ∈ H and then, by Proposition 1, the map ξ → ξˆ is injective.
The coset space Ξ = SIM(3)/H can be identified with the set T = {(θ, ϕ, t) :
(θ, ϕ) ∈ [0, pi)2∗, t ∈ (θ, ϕ)
⊥}, where (θ, ϕ)⊥ denotes the plane passing through the
origin and perpendicular to the vectorn(θ, ϕ), i.e. the plane of equationn(θ, ϕ)·x = 0.
The group SIM(3) acts on T by the action
(b, R, a).(θ, ϕ, t) = (θR, ϕR, t + aRb − (n(θR, ϕR) · (t + aRb))n(θR, ϕR)),
where we recall that (θR, ϕR) ∈ [0, pi)2∗ is such that R n(θ, ϕ) = ±n(θR, ϕR). Since
the stability subgroup at (0, 0, 0) is H, then SIM(3)/H ≃ T under the canonical
isomorphism (b, R, a)H 7→ (b, R, a).(0, 0, 0).
We endow Ξ with the measure dξ = sin ϕ dθdϕdt, with dθ, dϕ and dt being the
Lebesgue measure on [0, pi) and R3, respectively. It is easy to verify that dξ is a
relatively SIM(3)-invariant measure on Ξ with positive character β(b, R, a) = a3.
4.2.2 The representations
We recall that the group SIM(3) acts on L2(R3) by means of the unitary irreducible
representation pi defined by
pi(b, R, a) f (x) = a−
3
2 f (a−1R−1(x − b)).
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Furthermore, the quasi-regular representation pˆi of SIM(3) acting on L2(Ξ, dξ) as
pˆi(b, R, a)F(θ, ϕ, t) =
a−
3
2 F
(
θR−1, ϕR−1, a
−1R−1(t − b) − (n(θR−1, ϕR−1) · a
−1R−1(t − b))n(θR−1, ϕR−1)
)
,
is irreducible, too.
4.2.3 The Radon transform
We fix a Borel section
σ : Ξ→ G, σ(θ, ϕ, t) = (t, Rθ,ϕ, 1),
with Rθ,ϕ ∈ SO(3) such that Rθ,ϕe3 = n(θ, ϕ). We observe that, since γ extends
to a positive character of G, assumption (A4) is implied by the stronger condition
γ(σ(ξ)) = 1 for every ξ ∈ Ξ. Then, we compute by (9) the Radon transform between
the SIM(3)-transitive spaces X and Ξ obtaining
R f (θ, ϕ, t) =
∫
R
f (tn(θ, ϕ) + t)dt, (36)
which is the integral of f over the line parallel to the vector n(θ, ϕ) and passing
through the point t ∈ R3. Let us now determine a suitable pi-invariant subspace A
of L2(R3) as in (A7). In order to do that, it is useful to derive a Fourier slice theorem
for R.
For any f ∈ S(R3), by Theorem 1.1 in [18, Chapter 2], we have
(I ⊗ F )R f (θ, ϕ, v) = F f (v), v ∈ (θ, ϕ)⊥. (37)
As a consequence, by Plancherel theorem and formula (2.8) in [18, Chapter 7], we
obtain
‖R f ‖2
L2(Ξ)
=
∫ pi
0
∫ pi
0
∫
(θ,ϕ)⊥
|(I ⊗ F )R f (θ, ϕ, v)|2 sin ϕ dvdθdϕ
=
∫ pi
0
∫ pi
0
∫
(θ,ϕ)⊥
|F f (v)|2 sin ϕ dvdθdϕ
=
∫
R3
|F f (v)|2
|v|
dv.
By using spherical coordinates, we obtain
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‖R f ‖2
L2(Ξ)
=
∫ pi
0
∫ pi
0
∫
R
|F f (τn(θ, ϕ))|2 |τ | sin ϕ dτdθdϕ
≤
∫ pi
0
∫ pi
0
∫
|τ |≤1
|F f (τn(θ, ϕ))|2 sin ϕ dτdθdϕ
+
∫ pi
0
∫ pi
0
∫
|τ |>1
|τ | |F f (τn(θ, ϕ))|2 sin ϕ dτdθdϕ
≤ 4pi‖ f ‖21 + ‖ f ‖
2
2 < +∞,
which proves that R f ∈ L2(Ξ) for any f ∈ S(R3) and we set A = S(R3). Next, we
show that R, regarded as an operator fromA to L2(Ξ) is closable. By [21, Theorem
VIII.1], this is equivalent to proving that the adjoint of R f : A → L2(Ξ) is densely
defined. Suppose that ( fn)n ⊆ A is a sequence such that fn → f in L2(R3) and
R fn → g in L2(Ξ). Since I ⊗ F is unitary from L2(Ξ) onto L2(Ξ), we have that
(I ⊗ F )R fn → (I ⊗ F )g in L2(Ξ). Since fn ∈ A, by (37), for every (θ, ϕ) ∈ [0, pi)2∗
(I ⊗ F )R fn(θ, ϕ, v) = F fn(v), v ∈ (θ, ϕ)
⊥.
Hence, passing to a subsequence if necessary,
F fn(v) → (I ⊗ F )g(θ, ϕ, v)
for almost every (θ, ϕ) ∈ [0, pi)2∗ and v ∈ (θ, ϕ)
⊥. Therefore, for almost every (θ, ϕ) ∈
[0, pi)2∗ and v ∈ (θ, ϕ)
⊥
(I ⊗ F )g(θ, ϕ, v) = lim
n→+∞
F fn(v) = F f (v),
where the last equality holds true using a subsequence if necessary. Therefore, if
(hn)n ∈ A is another sequence such that hn → f in L2(R3) and Rhn → h in L2(Ξ),
then, for almost every (θ, ϕ) ∈ [0, pi)2∗ and v ∈ (θ, ϕ)
⊥
(I ⊗ F )h(θ, ϕ, v) = F f (v).
Therefore,
(I ⊗ F )g(θ, ϕ, v) = (I ⊗ F )h(θ, ϕ, v)
for almost every (θ, ϕ) ∈ [0, pi)2∗ and v ∈ (θ, ϕ)
⊥. Then limn→+∞ R fn = limn→+∞ Rhn,
and R is closable. We denote its closure by R.
4.2.4 The unitarization theorem
By Theorem 1, the Radon transform R : A → L2(Ξ, dξ) admits a unique closure R
which satisfies
Radon Transform: Dual Pairs and Irreducible Representations 25
Rpi(b, R, a) = χ(b, R, a)−1pˆi(b, R, a)R, (b, R, a) ∈ G, (38)
where χ(b, R, a) = a since α(b, R, a) = a3, β(b, R, a) = a and γ(b, R, a) = a2.
Furthermore, there exists a unique positive self-adjoint operator
I : dom(I) ⊇ ImR → L2(Ξ, dξ),
semi-invariant with weight χ(b, R, a)−1 = a−1 with the property that the composite
operator IR extends to a unitary operator Q : L2(X, dx) → L2(Ξ, dξ) intertwining
pi and pˆi, namely
pˆi(g)Qpi(g)−1 = Q, g ∈ G. (39)
We can provide an explicit formula for I. Consider the subspace
D = { f ∈ L2(Ξ) :
∫
[0,pi)2∗×(θ,ϕ)⊥
|τ | |(I ⊗ F ) f (θ, ϕ, τ)|2 sin ϕ dθdϕdτ < +∞}
and define the operator J : D → L2(Ξ) by
(I ⊗ F )J f (θ, ϕ, τ) = |τ |
1
2 (I ⊗ F ) f (θ, ϕ, τ), (40)
a Fourier multiplier with respect to the variable t. A direct calculation shows that
J is a densely defined positive self-adjoint injective operator and is semi-invariant
with weight ζ(g) = χ(g)−1 = a−
1
2 . By [7, Theorem 1], there exists c > 0 such that
I = cJ and we now show that c = 1. Consider a non-zero function f ∈ A. Then,
by Plancherel theorem, equation (37) and formula (2.8) in [18, Chapter 7], we obtain
‖ f ‖2 = ‖IR f ‖2
L2(Ξ)
= c2‖(I ⊗ F )JR f ‖2
L2(Ξ)
= c2
∫
[0,pi)2∗×(θ,ϕ)⊥
|(I ⊗ F )R f (θ, ϕ, τ)|2 |τ | sin ϕ dθdϕdτ
= c2
∫
[0,pi)2∗×(θ,ϕ)⊥
|F f (τ)|2 |τ | sin ϕ dθdϕdτ
= c2‖ f ‖2.
Thus, c = 1 and this concludes the proof.
4.2.5 The inversion formula
By Theorem 2, for any f ∈ S(R3), taking into account equations (26) and (27) and
that χ(b, R, a) = a
1
2 , the reconstruction formula (14) reads
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f =
∫
SIM(3)
a−5〈R f , pˆi(b, R, a)Ψ〉L2(Ξ,dξ)ψ(a
−1R−1(x − b))dbdRda,
where the integral is weakly convergent.
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